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Let xN,i(n) denote the number of partitions of n with difference at
least N and minimal component at least i, and yM, j(n) the number
of partitions of n into parts which are ± j (mod M). If N is even
and i is co-prime with N + 2i + 1, we prove that
xN,i(n) yN+2i+1,i(n)
for any positive integer n. This result partially generalizes the
Alder–Andrews conjecture. Moreover, we also prove that
yν,1(n) yν,i(n)
for any n if i < ν/2 is co-prime with ν .
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
The identities involving the inﬁnity-sum and the inﬁnity-product are always interesting and im-
portant. More than one hundred years ago, L.J. Rogers [12] ﬁrst proved the following identities for
a = 0,1
∞∑
n=0
qn(n+a)
(q)n
=
∞∏
n=1
1
(1− q5n−1−a)(1− q5n−4+a) (1)
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(q)n =
n∏
j=1
(
1− q j), (q)0 = 1. (2)
Then these identities were proved by Rogers and Ramanujan [13] and by Schur [14] independently.
For any non-negative integer N and positive integer i, let xN,i(n) denote the number of partitions of n,
whose parts have difference at least N and minimal component at least i. For positive integers M  3 and
j (1 j < M/2), let yM, j(n) denote the number of partitions of n into parts which are ± j (mod M).
As a generalization of (1) for a = 0, in 1956, H.L. Alder gave the following conjecture:
If d(n) = xd,1(n) − yd+3,1(n), then, for any d,n 1, we have that d(n) 0.
In 1971, Andrews [2] proved Alder’s conjecture for d = 2s − 1 and s  4, then he reﬁned it as
follows:
For 4 d 7 and n 2d + 9, or d 8 and n d + 6, d(n) 0.
In 2008, Yee [15] proved Alder’s conjecture for d = 7 and d 32.
In [1], the Andrews’s reﬁnement is completed.
Some generalizations in different forms are proved in [3,5] and others. These identities are very
important for the vertex representations of aﬃne Lie algebras, some linear basis of vacuum spaces or
highest weight spaces can be given by them (Refs. [7,9–11]). Some other results also were proved in
[4,6,8].
In this paper, we consider a partial generalization of the ﬁrst Rogers–Ramanujan identity (also a
partial generalization of Alder’s conjecture). The main result is stated by the following theorem.
Theorem 1. If N is a positive even integer, and i is co-prime with N + 2i + 1, then we have an estimation
xN,i(n) yN+2i+1,i(n), (3)
for general positive integer ν , i < ν2 and co-prime with ν , we have an estimation
yν,1(n) yν,i(n). (4)
We mainly study for N  4 because the results are known for N < 4.
2. Vertex operators
As known, aﬃne Lie algebra
s˜l2(C) = sl2(C) ⊗ C
[
t−1, t
]⊕ Cc ⊕ Cd
has an inﬁnite dimensional Heisenberg Lie subalgebra
H˜ =
⊕
n∈Z\{0}
Ch(n) ⊕ Cc, (5)
2428 L.-m. Xia / Journal of Number Theory 131 (2011) 2426–2435where c is the center element, h(n) = h ⊗ tn and h ∈ sl2(C) is chosen such that[
h(n),h(m)
]= nδn,−mc. (6)
Let even N  4, ν = N + 2i + 1, and i be co-prime with ν . Consider the Heisenberg Lie subalgebra
H =
⊕
n≡±i (mod ν)
Ch(n) ⊕ Cc ⊂ H˜ (7)
and its module V which is a polynomial algebra generated by elements
{
h(n)
∣∣ n < 0; n ≡ ±i (mod ν)}.
The module V can be generated by 1 as an H-module, where for any v ∈ V , the action of H is
given as follows:
h(n) · v = h(n)v, n < 0,
h(n) · 1 = 0, n > 0,
c · v = v.
Hence c is regarded as unit 1.
Deﬁne the operators Z−(a, z) and Z−(a, z) for any element a ∈ Ch by:
Z−(a, z) = exp
( ∑
n≡−i (mod ν)
n>0
a(−n)
n
zn
)
exp
(
−
∑
n≡−i (mod ν)
n>0
a(n)
n
z−n
)
, (8)
Z+(a, z) = exp
( ∑
n≡+i (mod ν)
n>0
a(−n)
n
zn
)
exp
(
−
∑
n≡+i (mod ν)
n>0
a(n)
n
z−n
)
, (9)
where z is formal complex variable.
Let σ = exp(2π√−1/ν) denote the νth root of unit, let θ := σ i , and :ab: be the normal ordered
product of a,b as usual. We deﬁne
Z
(
θ jh, z
)=: Z−(θ jh, z)Z+(θ− jh, z) :=:∑
n∈Z
Zn
(
θ jh
)
z−n (10)
for any j ∈ Z, where h is given above, then
Z
(
θ jh, z
)= Z(h,σ j z)=∑
n∈Z
Zn(h)σ
− jnz−n, (11)
this means that Zn(θ jh) = Zn(h)σ− jn for all j,n.
Remark 1. Notice that i and ν are co-prime, then only σ k satisﬁes xi = θ if and only if k = 1. This
fact is important for our construction and proof. Moreover, if i is not co-prime with ν , it is very easy
to check that the second inequality in Theorem 1 doesn’t hold.
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{
Z
(
θ jh, z
) ∣∣ 0 j  ν − 1}.
Proof. For ν is odd,
Z(θh, z1)Z
(
θ2h, z2
) · · · Z(θν−1h, zν−1)= F (z1, . . . , zν−1):Z(θh, z1)Z(θ2h, z2) · · · Z(θν−1h, zν−1):
where
F (z1, . . . , zν−1) =
∏
1k< jν−1
fkj,
fkj = exp
(
θ j−k
∑
n≡+i (mod ν)
n>0
(
z j
nzk
)n
+ θk− j
∑
n≡−i (mod ν)
n>0
(
z j
nzk
)n)
.
Obviously, :Z(θh, z1)Z(θ2h, z2) · · · Z(θν−1h, zν−1): tends to :Z−(−h, z)Z+(−h, z): when zp → z for
all zp . 
Lemma 2. For complex variables z, w,
w
z
(
1− w
z
)−2
exp
( ∑
n≡±i (mod ν)
n>0
wn
nzn
)
Z(h, z):Z−(−h,w)Z+(−h,w):
− z
w
(
1− z
w
)−2
exp
( ∑
n≡±i (mod ν)
n>0
zn
nwn
)
:Z−(−h,w)Z+(−h,w):Z(h, z)
=
(
w
z
(
1− w
z
)−2
− z
w
(
1− z
w
)−2)
:(Z(h, z):Z−(−h,w)Z+(−h,w):):.
This lemma can be veriﬁed by direct computation. Thus for any n ≡ ±i (mod ν), h(n) can be
obtained by operators Zm(h). Moreover, we have that
exp
(
−
∑
n≡±i (mod ν)
n>0
wn
nzn
)
Z(h, z)Z(h,w) = exp
(
−
∑
n≡±i (mod ν)
n>0
zn
nwn
)
Z(h,w)Z(h, z).
Lemma 3. V can be linearly generated by elements such as
Zm1(h) · · · Zmk (h) · 1 (mp mp+1, mk −i, k 0).
3. Linear generators and special characters
Deﬁne operators
S( j, z) =: Z(h, z)Z(h,σ j z) :=:∑ S( j)nz−n, (12)
n∈Z
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S(− j, z) = S( j,σ− j z)=∑
n∈Z
S( j)nσ
jnz−n (13)
hence for all j,n ∈ Z, we have
S(− j)n = S( j)nσ jn. (14)
Lemma 4. For any j ∈ Z,
(1)
(
1− σ
j w
z
)−1
exp
(
−
∑
n≡±1 (mod ν)
n>0
wn
nzn
)
Z(h, z)Z(h,w)
+
(
1− z
σ j w
)−1
exp
(
−
∑
n≡±1 (mod ν)
n>0
zn
nwn
)
Z(h,w)Z(h, z)
= δ
(
σ j w
z
)
:Z(h, z)Z(h,w):.
(2)When σ j w → z,
:Z(h, z)Z(h,w): → S(− j, z).
Suppose that a j,i ’s are coeﬃcients of the following formal power series expansion(
1− σ
j w
z
)−1
exp
(
−
∑
n≡±i (mod ν)
n>0
wn
nzn
)
=
∞∑
s=0
a j,s
(σ j w)s
zs
, (15)
then Lemma 4 implies that
∞∑
s=0
(
a j,s Zm−s(h)Zn+s(h) + a− j,s Zn−s(h)Zm+s(h)
)= S(− j)m+n (16)
holds for all integers m,n.
Lemma 5. For any integers m,n, it holds that
∞∑
s=0
((
a j,s − a− j,sσ j(m+n)
)
Zm−s(h)Zn+s(h) +
(
a− j,s − a j,sσ j(m+n)
)
Zn−s(h)Zm+s(h)
)= 0.
For any 0 s ν − i − 1, through direct computation, we have
a j,s =
∑
s=r+im
r,m0
(−σ ji/i)m
m! , (17)
L.-m. Xia / Journal of Number Theory 131 (2011) 2426–2435 2431since m,n are arbitrary. Consider the value of σ jp , we have
Lemma 6. If ν|(m + n − p), p = 0,1,2, . . . , ν − i − 1, then it holds that
∞∑
s=0
(
(a j,s + a− j,s)
)(
Zm−s(h)Zn+s(h) + Zn−s(h)Zm+s(h)
)= 0 (18)
for σ jp = −1 or σ jp 
= 1, and
∞∑
s=0
(
(a j,s − a− j,s)
)(
Zm−s(h)Zn+s(h) − Zn−s(h)Zm+s(h)
)= 0 (19)
for σ jp 
= −1 or σ jp = 1.
This lemma is easy to be checked.
Lemma 7. The space V can be linearly generated by elements such as
Zm1(h) · · · Zmk (h) · 1 (mp mp+1 − N, mk −i, k 0).
Proof. Assuming that ν = N + 2i + 1 =: 2(t + i) − 1 as N is even, then for all j, p, the value of σ jp
cannot equal −1. By Lemma 6, we have
∞∑
s=0
(
(a j,s − a− j,s)
)(
Zm−s(h)Zn+s(h) − Zn−s(h)Zm+s(h)
)= 0,
let b j,s = a j,s − a− j,s .
For i = 1: Since a j,0 = 1 for all j, we have
b j,1Zn(h)Zn(h) + b j,2Zn−1(h)Zn+1(h) +
t−4∑
s=1
(b j,s+2 − b j,s)Zn−s−2(h)Zn+s+2(h)
= −
∞∑
s=t−3
(b j,s+2 − b j,s)Zn−s−2(h)Zn+s+2(h)
and
b j,1Zn(h)Zn+1(h) +
t−3∑
s=1
(b j,s+1 − b j,s)Zn−s−1(h)Zn+s+2(h)
= −
∞∑
s=t−2
(b j,s+1 − b j,s)Zn−s−1(h)Zn+s+2(h)
holds for j = 1,2, . . . , t − 1.
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b1,1 b1,2 b1,3 − b1,1 · · · b1,t−1 − b1,t−3
b2,1 b2,2 b2,3 − b2,1 · · · b2,t−1 − b2,t−3
...
...
...
. . .
...
bt−1,1 bt−1,2 bt−1,3 − bt−1,1 · · · bt−1,t−1 − bt−1,t−3
⎞⎟⎟⎟⎠
and ⎛⎜⎜⎜⎝
b1,1 b1,2 − b1,1 · · · b1,t−1 − b1,t−2
b2,1 b2,2 − b2,1 · · · b2,t−1 − b2,t−2
...
...
. . .
...
bt−1,1 bt−1,2 − bt−1,1 · · · bt−1,t−1 − bt−1,t−2
⎞⎟⎟⎟⎠
are non-degenerate. So any operator Zm(h)Zn(h) (m,n ∈ Z) can be linearly generated by operators
Zn(h)Zn+s(h) (s N, n ∈ Z).
For i = 2: By (17), a j,2s = a j,2s+1 and a j,0 = 0 for all j. Thus we have
b j,2Zn(h)Zn(h) + b j,3Zn−1(h)Zn+1(h) + b j,4Zn−2(h)Zn+2(h) + b j,5Zn−3(h)Zn+3(h)
+
t∑
s=6
(b j,s − b j,s−4)Zn−s+2(h)Zn+s−2(h)
= −
∞∑
s=t+1
(b j,s − b j,s−4)Zn−s+2(h)Zn+s−2(h),
b j,2Zn−1(h)Zn+1(h) + b j,3Zn−2(h)Zn+2(h) +
t∑
s=4
(b j,s − b j,s−2)Zn−s+1(h)Zn+s−1(h)
= −
∞∑
s=t+1
(b j,s − b j,s−2)Zn−s+1(h)Zn+s−1(h),
and square matrices ⎛⎜⎜⎜⎝
b1,2 b1,4 b1,6 − b1,2 · · ·
b2,2 b2,4 b2,6 − b2,2 · · ·
b3,2 b3,4 b3,6 − b3,2 · · ·
...
...
...
. . .
⎞⎟⎟⎟⎠
w×w
,
⎛⎜⎜⎜⎝
b1,2 b1,4 − b1,2 b1,6 − b1,4 · · ·
b2,2 b2,4 − b2,2 b2,6 − b2,4 · · ·
b3,2 b3,4 − b3,2 b3,6 − b3,4 · · ·
...
...
...
. . .
⎞⎟⎟⎟⎠
w×w
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Zn−s(h)Zn+s(h) + Zn−s−1(h)Zn+s+1(h), Zn−t+2(h)Zn+t−2(h)
∣∣ s = 0,1, . . . , t − 3},
hence by Lemma 3, any operator Zn−s(h)Zn+s(h) (s ∈ Z), can be linearly generated by operators
Zn(h)Zn+s(h) (s N, n ∈ Z).
A similar proof shows that any operator Zn−s(h)Zn+s+1(h) (s ∈ Z), also can be linearly generated by
operators
Zn(h)Zn+s(h) (s N, n ∈ Z).
For general i > 2: Notice that b j,mi = b j,mi+1 = · · · = b j,mi+i−1 and b j,0 = 0, then the proof is very
similar to that with i = 2.
Finally, notice that
Zmk (h) · 1 = 0
for mk > −i, thus from Lemma 3, this lemma is right. 
Lemma 7 implies that V has linear generators{
Zm1(h) · · · Zmk (h) · 1
∣∣mp mp+1 − N, mk −i, k 0}.
Endow V with a degree
deg
(
h(i1)h(i2) · · ·h(ip) · 1
)= −(i1 + i2 + · · · + ip),
then V has a decomposition of homogeneous spaces
V =
∞∑
r=0
Vr
where
Vr = span
{
h(i1)h(i2) · · ·h(ip) · 1
∣∣ deg(h(i1)h(i2) · · ·h(ip) · 1)= r}.
Similarly, this degree can be extended to H and operators Zn(h) as
deg
(
Zn(h)
)= −n, deg(c) = 0, deg(h(n))= −n
and Zn(h) · Vr ⊂ Vr+n .
Obviously, the special character of V is
chV =
∞∑
r=0
dim(Vr)q
r =
∞∏
n=1
1
(1− qnν−i)(1− qnν−ν+i) = 1+
∞∑
r=1
yN+2i+1,i(r)qr . (20)
On the other hand, for any positive integer r, suppose that
2434 L.-m. Xia / Journal of Number Theory 131 (2011) 2426–2435T (r) = {(m1, . . . ,mk) ∣∣m1 + · · · +mk = r; k 0, mp mp+1 − N; mk −i},
dim(Vr) number of elements in T (r) = xN,i(r). (21)
Hence we ﬁnish the proof for the ﬁrst part of Theorem 1.
4. Proof for second inequality
Suppose that 1 < i < ν2 and co-prime with ν . Denote
1
(1− q1)(1− qν−1) = 1+
∞∑
n=1
Rnq
n,
1
(1− qi)(1− qν−i) = 1+
∞∑
n=1
Fnq
n.
Remark 2. For a ﬁxed positive integer n, different partitions of n into parts 1, ν − 1 (or i, ν − i) have
different length.
Also let Rn(k) (or Fn(k)) denote the kth longest partition of n into 1, ν − 1 (or i, ν − i), for conve-
nience, it also means the length.
Lemma 8. For any n 1, Rn  Fn and for any k Fn, Rn(k) Fn(k).
Proof. Direct computation shows that
Rn =
[
n
ν − 1
]
+ 1, Fn 
[
n
i(ν − i)
]
+ 1
since i(ν − i) > ν − 1, then Rn  Fn is clear. The second inequality can be checked by directly com-
paring. 
As deﬁned above,
∞∏
n=1
1
(1− qnν−(ν−1))(1− qnν−1) = 1+
∞∑
n=1
yν,1(n)q
n,
∞∏
n=1
1
(1− qnν−(ν−i))(1− qnν−i) = 1+
∞∑
n=1
yν,i(n)q
n.
Lemma 9. For any positive integer n, yν,1(n) yν,i(n).
Proof. By direct computation, we have
yν,1(n) = nth coeﬃcient of
( ∞∑
m=1
Rm∑
k=1
qm
∑
s1,s2,...,sRm(k)0
qν(s1+···+sRm(k))
)
 nth coeﬃcient of
( ∞∑
m=1
Fm∑
k=1
qm
∑
s1,s2,...,sR (k)0
qν(s1+···+sRm(k))
)
m
L.-m. Xia / Journal of Number Theory 131 (2011) 2426–2435 2435 nth coeﬃcient of
( ∞∑
m=1
Fm∑
k=1
qm
∑
s1,s2,...,sFm(k)0
qν(s1+···+sFm(k))
)
= yν,i(n). 
Remark 3. Suppose that N is a positive integer, i < (N + 3)/2 is co-prime with N + 3 and xN,i , yN+3,i
are given above. Let
N,i(n) = xN,i(n) − yN+3,i(n).
When i = 1, Alder’s conjecture (proved in [1]) says that N,1(n) 0. However, N,i(n) is not always
non-negative for general i. For example,
x9,5(17) = 1, y12,5(17) = 2, 9,5(17) = −1< 0.
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